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Abstract 

We derive an effective Abelian gauge theory (EAGT) of a modified SU (2) 
Yang-Mills theory. The modification is made by explicitly introducing mass 
terms of the off-diagonal gluon fields into pure SU (2) Yang- Mills theory, in 
order that Abelian dominance at a long-distance scale is realized in the mod- 
ified theory. In deriving the EAGT, the off-diagonal gluon fields involving 
longitudinal modes are treated as fields that produce quantum effects on the 
diagonal gluon field and other fields relevant at a long-distance scale. Unlike 
earlier papers, a necessary gauge fixing is carried out without spoiling the 
global SU (2) gauge symmetry. We show that the EAGT allows a composite 
of the Yukawa and the linear potentials which also occurs in an extended dual 
Abelian Higgs model. This composite potential is understood to be a static 
potential between color-electric charges. In addition, we point out that the 
EAGT involves the Skyrme-Faddeev model. 
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I. INTRODUCTION 



Understanding the color-confinement mechanism based on quantum chromodynamics 
(QCD) is a long-standing subject in particle physics. It has been argued that the color- 
magnetic monopole condensation leads to color confinement through the dual Meissner effect 
which is described by the dual Abelian Higgs model or the dual Ginzburg-Landau theory 
[1-3]. To confirm this picture within the framework of QCD, it is necessary to realize 
magnetic monopoles in QCD [4] and to accept Abelian dominance [5,6] as a fact. Here 
Abelian dominance means that, at a long-distance scale, only diagonal gluons dominate, 
while effects of off-diagonal gluons arc strongly suppressed. When the idea of Abelian 
dominance was first proposed by Ezawa and Iwazaki, it was only a hypothesis [5]. They 
conjectured that Abelian dominance may be achieved if off-diagonal gluons possess effective 
non-zero mass at a long-distance scale and hence do not propagate at this scale. A recent 
Monte Carlo simulation performed by Amemiya and Suganuma shows that, in the maximal 
Abehan (MA) gauge, off-diagonal gluons indeed behave hke massive vector fields with the 
effective mass Mos ~ 1.2 GeV [6]. This result strongly supports Ezawa-Iwazaki's conjecture, 
so that the Abelian dominance must be realized at a long-distance scale. 

Mass generation of off-diagonal gluons would be a nonperturbative effect of QCD at a 
long-distance scale and should be understood within the analytic framework of QCD. In fact, 
an analytic approach based on condensation of the Faddcev-Popov ghosts has been made to 
explain the mass-generation mechanism of off-diagonal gluons [7,8]. This attempt seems to 
be interesting. However the ghost condensation may lead to breaking of the Becchi-Rouet- 
Stora-Tyutin (BRST) symmetry, which causes the problem of spoiling unitarity. 

Although the mass-generation mechanism of off-diagonal gluons is not well understood 
analytically at present, respecting the result of Monte Carlo simulation, we accept the mass 
generation as true in the beginning of our discussion without questioning its mechanism. 
Accordingly, in the present letter, we explicitly incorporate mass terms of the off-diagonal 
gluon fields into the Yang-Mills (YM) Lagrangian to describe dynamics of gluons at a long- 
distance scale. Among the massive YM theories without residual Higgs bosons [9], we 
adopt the Stueckelberg-Kunimasa-Goto (SKG) formalism, or the non-Abelian Stueckelberg 
formalism [10], to deal with massless and massive gluon fields in a gauge- invariant manner. 
In this context, we expect that the mass terms of off-diagonal gluon fields are dynamically 
induced by a nonperturbative effect of pure YM theory. 
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In the SKG formalism, Nambu-Goldstone (NG) scalar fields are introduced to identify 
the longitudinal modes of off-diagonal gluons. Since the Lagrangian of the SKG formahsm 
is nonpolynomial in the NG scalar fields, there is no hope that the SKG formahsm is per- 
turbatively renormalizable [11]. However this is not a serious problem for our discussion, 
because the SKG formahsm is now treated as an effective gauge theory at a long-distance 
scale. 

Because of Abelian dominance due to the massive off-diagonal gluons, phenomena at 
a long-distance scale will be described in terms of the diagonal gluon fields together with 
other fields relevant to the corresponding scale. In accordance with this idea, the present 
letter attempts to derive an effective Abelian gauge theory (EAGT) constructed of these 
fields from the SKG formalism. (Some preliminary discussions in this attempt have been 
reported in Ref. [12].) The procedure of deriving the EAGT is a kind of so-called Abehan 
projection. Recently a fashion of Abehan projection of QCD or YM theory has been studied 
by Kondo [13,26] and by some other authors [14,15,27]. In their procedure, the maximally 
Abelian (MA) gauge condition is imposed on QCD before performing the Abelian projection. 
Unfortunately, the global color gauge symmetry of QCD is spoiled at this stage, so that the 
conservation of color Noether current is no longer guaranteed. In contrast, in our procedure, 
we do not put the MA gauge condition by hand. Instead, a corresponding condition is 
obtained as the Euler- Lagrange equation for the NG scalar fields. In connection with this 
fact the global color gauge symmetry is maintained in the EAGT in a nonlinear way, provided 
that an appropriate gauge fixing term is adopted.^ As a result, a conserved color charge 
is well defined in the EAGT. The presence of conserved color charge will be important for 
combining our discussion with other attempts to investigate color confinement. 

The Abelian projection of the SKG formalism is performed in the following manner: 
First, beginning with an efi^ective action in the SKG formalism, we evaluate the path- 
integral over the NG scalar fields around their classical configuration by using a semi-classical 
method. After that, similar to earlier papers [13-15,26,27], we carry out the path-integration 
over the off-diagonal gluon fields with the aid of auxiliary fields introduced in this stage. The 



A gauge-covariant formulation of Abelian projection has been considered with introducing aux- 
iliary Higgs-like fields [16,31]. Unlike this approach, the present letter treats the NG scalar fields 
(which are Higgs-like fields represented in a nonlinear way) as dynamical fields occurring in the 
Lagrangian. 
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resulting effective action tfiat defines tlie EAGT is written in terms of the diagonal gluon 
fields, the auxihary fields and the classical configuration of NG scalar fields. This action 
includes terms analogous to those occurring in a dual form of the extended dual Abelian 
Higgs model (EDAHM) in the London limit [17,18]. With such terms in hand, following a 
procedure discussed in Ref. [19], we show that the EAGT allows a composite of the Yukawa 
potential and the linearly rising potential. We point out that the composite potential rep- 
resents interaction between color-electric charges consisting of the classical NG scalar fields. 
We also show that the EAGT involves the Skyrme-Faddeev model. 



II. STUECKELBERG-KUNIMASA-GOTO FORMALISM 

For simplicity, in the present letter, we restrict our discussion to the case of SU{2) color 
gauge symmetry. Let A^^ {B — 1,2,3) be the Yang- Mills (YM) fields, or the gluon fields, 
and 0' (i = 1, 2) be the (dimensionless) Nambu-Goldstone (NG) scalar fields that form a set 

of coordinates of the coset space SU{2)/U{1). We begin with the Stueckelberg-Kunimasa- 
Gotb (SKG) formalism [10] characterized by the Lagrangian £skg = ^ym + ^<i> with 

-^^YM = -—^F^^^F^"'^ , (1) 

2 

TT) 

= :ri gij{<f>WV'^<f^ , (2) 

where F^,^ = d^A,^ -d,A^^ -e^^^'A^^A,'' and V^cf)' = d^(t>' + A^''K^\(t>) [20]. Here go is 
a (bare) coupling constant, mo is a constant with dimension of mass, gij{(f)) is a metric on the 
coset space ,5[/(2)/t/(l), andX^^(0) are Killing vectors on ,SC/(2)/C/(l). (The convention for 
the signature of space-time metric is (-I-, — , — , — ).) The Lagrangian £skg remains invariant 
under the gauge transformation 

SA,^ = P/^A^ ^ {S^^d, + 6^^^>1,^)A^ , 

(3) 

with SU{2) gauge parameters A^. The metric gij{(/)) is written as gij{(/)) = ej^(0)ej^((/)) 
(6 = 1, 2) in terms of the zweibein e,i'{(j)) that is defined by ej^(0)T''-|-ej^(0)T^ = ei^{(j))T^ = 
—iv^^{(j))div{(j)) with coset representatives f (0) [g SU{2)], where di = d/dcj)^ and = ^a^ 
{a^ denote the Pauli matrices). Under the left action of g [e SU{2) ], the coset representa- 
tives transform as gv{(t)) — v{(j)')h{(f), g) [/i e C/(l) ]; in a sense, v{(f)) "convert" SU{2) gauge 
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transformations into corresponding U{1) gauge transformations. If the infinitesimal form 
g — 1 — iX^T^ is chosen as g, then 0" and h take the following forms: 0'* = 0' — X^K^'^{(j)), 
h{(f),g) = 1 - iXT^. Here A is a C/(l) gauge parameter defined by A = X^f2^{(f)) with f2^{(f)) 
being functions of 0* called il-compensators [21]. (Unhke A^, A is not a mere gauge pa- 
rameter of the U{1) subgroup of the gauge group SU(2).) From the transformation rule of 
v{(j)), it follows that K^'^{(f))ei"'{(f)) = B)^°'{v{(j))). Here D denotes a matrix in the adjoint 
representation of SU{2), defined by g^^T^g = 3^*-^ {g)T'-'' . In addition, the transforma- 
tion rule of v{(j)) leads to [K^,K^] = e^^^K^ with = K^'{(j))di. It is easy to show 
that the inverse metric g'^^^cj)) = e''*(0)e''-' (0), with the inverse zweibein e'''(0), can be writ- 
ten as g'^^{(j)) — K^^{(f))K^^ {(/)) and so the Lie derivatives of g^^{(j)) along vanish. The 
Maurer-Cartan formula for eju^(0) = 9^0*ei'^(0) now reads 

d,e^^ - a.e/ - 6^^^e,^e.^ = S^'S,^ , (4) 

where Ef^i, is given by Ef^i,{(f))T^ = —iv~^{(l))[dfj_,di,]v{(p). This term remains non-vanishing 
owing to a Dirac string singularity characterized by the first homotopy group 7ri(J7(l)) = Z 
[3,22]. 

The Lagrangian £^ can be expressed as = ^{uiq/ goY A^J' A^^^ in terms of the YM fields 
in the unitary gauge, = A^*-^D*-^^(f (</>)) + e^^(0). Thus, in the unitary gauge, £^ takes 
the form of a mass term for AfJ*. The gauge transformation rules of A^^ (B = b, 3) are 
found from Eq. (3) to be 

5l/ = -e^^^VA, SA^'^d.X, (5) 

with which we can easily check the gauge invariance of C^. We now see that the off-diagonal 
gluon fields A^^ behave like massive charged matter fields with the mass mo, while the 
diagonal gluon field An^ behaves hke a massless C/(l) gauge field. For this reason, it is quite 
natural to interpret the unitary gauge as the maximally Abelian (MA) gauge discussed in 
earlier papers (see, e.g., Refs. [6,13,14,31]). Remarkably the Euler-Lagrange equation for 0* 
can be written in the form of the MA gauge condition for AfJ' : 

^M&c^^c = (^gbcg^. ^ e^"^>3)l^^ = . (6) 

This fact also ensures that A^^^ would be the YM fields in the MA gauge. In the earlier 
papers, a similar equation for A^^, not for AfJ*, has been put by hand as the MA gauge 
condition, whereas in the present letter the above equation has been derived as the Euler- 
Lagrange equation for 0*. 
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Carrying out the Wick rotation x° — > x° = —ix^ (x^ G M) in Eqs. (1) and (2), let us 
consider the following effective action in Euclidean space-time: 



W^lnJ DM exp j d^x{CYM + C^ + Cqf) 



(7) 



with T)M = Dc^ Dc^ . Ilere and are Faddeev-Popov ghost fields, 

are Nakanishi-Lautrup fields, and £gf stands for a gauge fixing term (involving ghost terms) 
that is introduced to break the local SU{2) gauge invariance of >Cskg- The Becchi-Rouet- 
Stora-Tyutin (BRST) transformation S is defined, as usual, by 
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(8) 



Sc^^ib'', 



56^ = 



to satisfy the nilpotency property — 0. We suppose that jCqf contains no 0' but may 
contain the "classical" fields introduced in the following. 



III. PATH-INTEGRATION OVER THE NAMBU-GOLDSTONE SCALAR FIELDS 

We first evaluate the path- integral over 0* in Eq. (7) in the one- loop approximation, 
which can be done covariantly by employing the geometrical method proposed by Honerkamp 
[23]. In this method, the action J d^xC^ in the exponent of Eq. (7) is expanded about a 
solution 00* of Eq. (6) in powers of new integration variables o"*. Here cr* arc understood 
to form the tangent vector at to the geodesic on SU{2)/U{1) that runs from to 
the original integration variables 0*. Accordingly, the gauge-invariant measure SDgCr' = 
(det[g'ij(0o)])^^^S])cr' is chosen as Dcf)^. After ignoring the third and higher order terms in 
(7*, the integration over cr' in Eq. (7) can be performed to get the determinant of a certain 
Laplace-type operator containing A^^^ and 0o'- Applying the heat kernel method to the 
evaluation of the determinant, we obtain a one-loop effective action. Addition of this to 
the classical action at 0o* leads to J d'^xC^^^ ^ In J Dgcr^exp^ f d^xC^ + hiN^, where Nq 
is a normalization constant and ~ stands for the one-loop approximation. (The A*"; (/ = 
1, . . . , 6) that appear in the following denote normalization constants.) By using the Maurer- 
Cartan formula in Eq. (4) at 0* = is written in terms of ^4^^ = A^^\^=^q — 

A/D^^(^(0o)) + e/(0o)as 
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327r2 \2gl 327r2^ 

-yA^^'^'^ + ^(1 - k{)%,T^^^ + , (9) 

where = d^Aj" - d^A^^ - S^u{(t>o), S = A^, = -e^'^'A^'^A,', and = 

A^'^Aj' — jr]f^i,S, with 77^,^ = —S/^i, the metric on Euchdean space-time. In deriving Eq. (9), 
a mass scale /i and an ultraviolet cutoff A have been introduced to make >C<^o a meaningful 
expression. In addition, a dimensionless constant ki has been introduced to indicate an 
arbitrariness of expression due to the identity A^iyA^" — |«S^ — Tf^i^T'^". At 0' = the 
gauge transformation rules in Eq. (5) read 

M/ = -e^%^A, (10a) 

M/ = 5^A, (10b) 

with A = A^i7^(0o)- As can be seen from Eq. (10a), <S, Afj,^ and 7^,^ are gauge invariant. 
In Eq. (9), C^^ = ^{mo/ g^YS is the only classical term. 



IV. AUXILIARY FIELDS 



In terms of A^ , the Lagrangian £ym can be written as 

1 



>Cym — 



+(1 - k^) ( -52 - ) + F^j'F^^'' 



(11) 



where k^ is a constant similar to /ci, and F^J' is the field strength of A^}" ^ expressed as 
Df^'^Aj' - Dj'^A^^ with D^^ = S^^d^ + e^'^A^^. 
In order to derive an EAGT involving A^^, we need to evaluate the path- integral over 
A^j^ in the effective action 



W^' = In j DM'exp 
( p^W + \nNo) 



d'^x{CYM + >C<^o + Cgf) 



(12) 



with DM.' = DAf^i Dc Dc Db . Here the gauge invariance of the path-integral measure 
DA^^, i.e., DA^^ — DAfj^^, has been used. In order to perform the integration over A^J' 



exactly, we introduce the following auxiliary fields: an antisymmetric tensor field Bfj_„, a 
scalar field ^ and a traceless symmetric tensor field hfj,i, that are associated with Afj,^, S and 
T^i,, respectively.^ With the aid of these new fields, exp[ J d'^x{jCYM + ^4>o)] can be expressed 
as A^i / T>Bi^^D^Dh^^exp[J d'^xCi] with 

/l^ 1/1 1 , w „ _„„ /m2 yl2 



327r2 
1 

~2 



9i 



247r2 yl 



'0^ 



9l 



K 



327r^ 



S 



2~" 4~ '2"'*''" ^ "M'^"' /i„2 /^^ 



(13) 



Here k is an arbitrary dimensionlcss constant, and gi, g2 and ^3 are defined by 



k2 

3(1 - k2 

k2 - 1 _ 



ki n 
— n In —r , 

87r2 yl ' 



1 + 3A;i 

■ + ^2^^":i 

/ci - 1 /X 



(14) 
(15) 
(16) 



Taking into account the gauge invariance of A^u, S and T^,^, we impose the gauge 
transformation rules SBf^^, — — Sh^i, = on the auxiliary fields. Then Ci is obviously 
gauge invariant. The BRST invariance of C\ is guaranteed with 6B^j_j, — — dh^^, — 0. 
The effective action we are now concerned with is thus 

W" j VM" exp J d^x{Ci + Cgf) (17) 



where ^M" = DA^^ ^B^^ D/i^^ Dc^ Dc^ 



V. GAUGE FIXING TERM 

We next define the gauge fixing term jCqf in such a way that it satisfies the following 
three conditions: (i) £gf breaks the "local" SU{2) gauge invariance of £1. (ii) Cqf remains 



2 In the case of pure SU{2) YM theory without the scalar fields we can exactly carry out the 
integration over A^j,^ with the aid of i?^„y alone [13,14,27]. In the present case involving the 
introduction of # and/or hn^, is essential for exactly carrying out the integration over An^. 
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invariant under the "global" SU (2) gauge transformation, provided that c^, and trans- 
form homogeneously under it, i.e., 5c^ = e^^^c^X^, 5c^ = e^'^^cPX'^, 5b^ = e^'^^h^X^, 
with A*^ being "constant" parameters, (iii) The quadratic part (or the asymptotic form in 
the limits x° — > ±00) of £gf has the same form as that of the Lorentz gauge-fixing term. 
The condition (i) is essential to quantize (or A^^). The condition (ii) is necessary 
for preserving the global SU{2) gauge invariance of £1 to guarantee conservation of the 
Nocthcr current for the global SU{2) gauge symmetry. It should be noted here that both 
of the local and global SU (2) gauge transformations are converted into the corresponding 
local U{1) gauge transformations via the transformation rule gv{4>o) — v{4>'Q)h{4>o, g). The 
local SU{2) gauge invariance of Ci is then realized as invariance of Ci under the local C/(l) 
gauge transformation characterized by h{(f)Q,g{x)) with g{x) being dependent on space-time 
coordinates x^^. The local C/(l) gauge transformation produced by the global SU{2) gauge 
transformation is characterized by /i(0o,5'c) with gc being independent of x^; the locality of 
this U{1) gauge transformation is due to the ^''-dependence of 0o'- The condition (iii) will 
be necessary for the proof of unitarity based on the Kugo-Ojima quartet mechanism [24]. A 
gauge fixing term that satisfies the above conditions and that is appropriate for our discus- 
sion is given in terms of A^^ , e^^ = 6^-^(00), 7^ = c'^D'^-^(v(0o)) and (3^ = b'^B'^^ {v{(po)) 

by 



J^GF — —o^ 
% 



(18) 



where D^^^ = 5^^d^ + e'^'^^A^^, and is a (bare) gauge parameter. The global 
SU{2) gauge invariance of £gf is realized as invariance of Cqf under the local U{1) 
gauge transformation characterized by /i(0oi5'c)- If -D^^*" in Eq. (18) is replaced by 
V^^*" = S^'-^dn + e^'-^^e^^, then £gf reduces to the ordinary Lorenz gauge-fixing term 
for An^, which preserves the global SU{2) gauge invariance of Ci. Under the global SU{2) 
gauge transformation, e-iJ' transform homogeneously in the same manner as Aj', while e^^ 
transforms inhomogeneously in the same manner as A^j^. (In V J"^, 6// plays the role of 
a gauge field as A^^ plays in Dj"^.) Prom these facts we see that the condition (ii) is 
satisfied. Under the local SU (2) gauge transformation, e^^ transform inhomogeneously in 
different manners than A^j,^ , so that the condition (i) is satisfied. Since v(0o) approximates 
to 1 + i(f)Q^j^T^ in the free limit, the condition (iii) is evidently satisfied. (We can impose 
the condition v{0) = 1 without loss of generality.) 

The BRST transformation rules of ^4^-^, e^-^, 7^ = c*"D*-^^(t'(0o)), 7^ and are deter- 
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mined from Eq. (8) to be 



BC(^,C 



tC3; 



(19) 



where c = c^Q^(0o)- Carrying out the BRST transformation in the right hand side of Eq. 
(18), we obtain 



_i£,^BC-c^^BD^D ^ ^pB^B] ^ ^^^^^ derivative . 
The first term of Eq. (20) vanishes owing to the equation 



fl \(f>=<l>o 



= 0. 



(20) 



(21) 



Recall here that is a solution of Eq. (6). Consequently £gf does not depend on the 
off-diagonal gluon fields AfJ*, so that the effective action W" can be written as 



with 



Wi' = In / D^^'^exp 



Wq^ = lnj S)7^ S)7^ exp J d'^xCcF 



(22) 



(23) 
(24) 



Here the gauge invariance of the path-integral measures, i.e., Dc^ — , Dc^ — and 
Dh^ = has been used. 



VI. EFFECTIVE ABELIAN GAUGE THEORY 

We now evaluate the path-integral over A^'^ in Eq. (23), rewriting Eq. (13) in the form 
£1 = + \Aj'Ht''"'A^'' + Oi{A-^) up to total derivatives. Here Cf^ consists of the terms 
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that contain no A J', i.e., 

' ~ 327r2 2An^ A qj^"" 

+ '-kB^^T^'' - l^^.^^^^ - f - f V^'^'^ ■ (25) 

Recall the fact that Oi(/l^^) has been found at the one- loop level in evaluating the path- 
integral over (jf. Then we see that the terms in Oi(/l^^) which contain A^** contribute as 
two-loop effects to the one-loop effective action obtained by the integration over A^^ in Eq. 
(23), provided that the one- loop approximation is carried out around the classical solution 
Aj^ — 0. Because the two-loop effects are now irrelevant to our discussion, it is sufficient 
for evaluating the path-integral over AfJ' to consider ^Aj^'H^'^'^Ai,'^ only. After the use of 
the commutation relation [D^,,b^\"'Ap'' = e^^^J^^^Ap" and Eq. (21), Hf''"' becomes the 
Laplace-type operator 

Supposing mo /go > A/ An, we carry out the Gaussian integration over AjJ' in Eq. (23) to 
get an expression written with the aid of a proper-time r : 

J d^x6^^ ^In J Dl/exp ^ j (fxA^^Ut'^'A,' +\nN2 

(Later on we will point out that mo/ go = A/ An is a reasonable condition, see Eq. (60).) 
The ket vectors \x, ^'')) are defined by \x, ^'^)) = \x, ^'^)D'^^(f (0o)) with the basis vectors 
\x, that satisfy (x, ^^") = 5^{x — y)5^'^5^^ and that transform homogeneously under 
the SU{2) gauge transformations, i.e., 5\x,^^) = e^'-'^\x,'^^)X'^\ Then transform in 

the same manner as A/J' (see Eq. (10a)), so that the gauge invariance of the operator 

ni = J rf^x^J^ |x,^''))7^i/'''^(x)((a;,/| (28) 

is guaranteed. In this way the gauge invariance of is confirmed. Using the heat kernel 
equation for the matrix elements {{x, f^''\e~'^^^\y,'^'^)), we can approximately calculate the 
effective action in Eq. (27). In the process of calculation, we have to take account of the 
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Dirac string singularity occurring in [9^, 9^]D^'^(v-^(0o)) = -e^^^Z'^^(0o)D^'^(^^~^(0o))- 
The result of the calculation reads 

.2\ 2 



87r2 47r2 



167r2 A 



4 1- 



2gi 



2 (•^iiv' 



gt 



1927r2yl2 



(29) 



after making the replacement ^ — > ^-\-i{m'^/ g^ — /I&t:'^). Here 02h(^~^) consists of terms 
of higher order in B^^^, /i^^ and/or their derivatives, including such higher derivative 
terms as d^^Typd'^T'^f and dp^B^pd^J^f. It should be stressed that the kinetic terms of Bp^^, 
$ and hp^y have been induced by virtue of quantum effect of Ap^. In this sense Bp^, <P and 
hpi, are no longer auxiliary fields. (As for Bp^,, such an induced kinetic term has been found 
in various contexts [25-28].) 

Next we consider the path-integral over 7^, 7^ and in Eq. (24). In the case ^ 0, 
the integration over f3^ becomes a simple Gaussian integration and can readily be done to 
get J d'^xC'Qp = In / DP^eKp[J (I'^xCgf] +lnA^3. In order to perform the integration over 
7^ and 7^, we rewrite jCq^ in the form jCq^ — + i^^Ti.Qp^'^ up to total derivatives. 



Here £qp and Hqp are given by 



BC 



njBC 
/T-GF 



+ a^a.e'^'r'') , 



gl 



+ \{5''''{apa^ + -ep'-e^) - (5^^V - e/)(5^=^A^^ - e'^^)} 



(30) 



(31) 



with ap = - V^^^ = S^'^dp + e^ep^ and 



(32) 



Note that under the global SU (2) gauge transformation, ap is invariant, while \{A^ + e^^) 
transforms inhomogeneously in the same manner as Ap . 
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role of a gauge field. The Gaussian integration over 7^ and 7^ is carried out to get 



(I'^xCq^ = In / D7^ D7^ exp 



1 1 d^x^^n^g^^ 



+ ln7V4 



= - / d'^H r -((^,^|e-^^-k/)), (33) 

where the ket vectors \x, ^)) are defined by \x, ^)) = \x, *-^)D*-^^(f (0o)) with the orthonor- 
mal basis vectors \x,^) that transform homogeneously under the SU{2) gauge transforma- 
tions. Then \x, ^)) obey the gauge transformation rule same as that of 7^ and 7"^, so that 
the operator T^qf = / '^''•^ c 1-^' ^))^gf g^^ge invariant. Consequently the 

gauge invariance of £qp is also confirmed. Applying the heat kernel method to calculating 
the T-integral in Eq. (33), we obtain 

(1) _ 3yl^ -^ia a^' + e ^e'^h 



+ ^(eVe^')'}+03(^-') (34) 

with J^,^ = Jfj,iy{<Po) = e^^'^e^j^e.jf. By using the Maurer-Cartan formula in Eq. (4) at 0* = 0o*, 
J^^jy can be written as 

uu — fnu ~^ Jfxv 1 (3^) 

with f^^ = dfj_au - dua^. 

The exponent in Eq. (22) is thus found to be + W^^ = / d^xAot - \sL{N2N^Ni) with 

Act = >cf ) + + £g) + £g) + O; (vl-2) , (36) 

where Oi(/l"^) denotes a part of Oi{A~'^) that consists of the terms containing T^i, but no 
Af^^ . In what follows, we arc concerned with the effective Abelian gauge theory (EAGT) 
defined by the Lagrangian £tot- As has been expected, £tot remains invariant under the U{1) 
gauge transformation characterized by h{v{(f)o), Qc). Since this transformation is produced 
by the global SU (2) gauge transformation due to the action of g^, we should consider that 
the global SU{2) gauge symmetry is maintained in the EAGT and is realized in >Ctot in a 
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nonlinear way. In fact, it is possible to derive the non-Abelian Noether current for the global 
SU{2) gauge invariance of >Ctot- This current is written with the use of the if-compensators 
/2^(0o). 



VII. STATIC POTENTIALS 

Considering Z^tot ^ classical Lagrangian, let us investigate what kind of potential 
arises from propagation of B^,, at the tree level of the EAGT. With £tot in hand, the bare 
propagator of B/j^i, follows from the kinetic term and mass term of S^i^ together with a source 
term of S^,^. In addition to the linear terms in Bf^i, explicitly written in Eq. (25) and Eq. 
(29), further hnear terms in B^^, exist in 02h(^~^)- Fortunately, ii R = ^qi/qq is chosen 
to be the constant k in £tot, these linear terms as well as the B^j.T'^^ term in Eq. (29) 
vanish in and it becomes easier to make a discussion. On putting n — the terms 
relevant to deriving the bare propagator of B^j^^, are displayed, after being rescaled B^^ as 
B^v — > Ay/STiAgg'^Bn^, as follows: 

= -\B^.(n + Ml)B^^ + '-M^B^^J^f^^ , (37) 



where □ = dfj,d'^ — —d^d/j, and 



4\/37r / 5*0 i„ /^^ 



9o 



M,^^(^,,-i^ln^) A, (38) 



M,.^^. (39) 
% 

Since J'^'^ consists only of the classical fields 0o*, we can treat J^*^ as a classical antisymmetric 
tensor current. Then wc see that is very analogous to a part of the covariantly gauge 
fixed version of the Lagrangian that defines a massive Abelian antisymmetric tensor gauge 
theory (MAATGT) with antisymmetric tensor current (ATC) [19].^ Obviously describes 
a massive rank-2 antisymmetric tensor field coupled with /''^ and J^". For any mass scale 
characterized by ii{<A), positivity of Mf is guaranteed as long as appropriate constants 
are chosen to be ki and /c2- Let us denote by vCg-* a part of 02h(^~^) that consists of the 
terms containing S^,^. Noting the fact that the source term |iM2-B^i^ J'^'^ in JC^^ exists in the 



^ If the vorticity tensor current is chosen as the ATC, the MAATGT with ATC reduces to a dual 
theory of the extended dual AbeUan Higgs model (EDAHM) in the London limit [18,19]. 
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exponent of Eq. (22), we represent B^,, in as the functional derivative —iM2^8/5J'^^. 
Thereby the integration over B^i, in Eq. (22) reduces to a Gaussian integration, which can 
be carried out to obtain 



W" = In y 2) m 2) V exp j d^xC^^ 



(40) 



where JC[^^ is given by 



J d'xCl, = W; + VF^p - y + + In 



(41) 



with 



= — exp 



X exp 



/ 

I 



d^xC 



(i)| 

B \Ba 



-iM, 



4 ^^U + Mi 
1 M| 



(42) 



The bare propagator of 3^^^ has been found in the exponent of Eq. (42). The remaining 
terms indicated by the dots may be calculated, at least formally, by a perturbative method. 

Together with deriving the potential due to propagation of B^i,, we also try to derive the 
potential due to propagation of a^, rather than A^^, at the tree level. To this end, we pay 
attention to a part of C[^^ which consists of a relevant source term for and of the terms 
that are quadratic in or its first order derivatives and contain no other fields. Here, as 
a relevant term to our discussion, we also take the local term —\{M2/Mi)'^{f^i, + 2J^j,)/'^^ 
that is given as a leading term of the series expansion (□ + M^)~^ = M^'^{\ — Mj~^n + ■ ■ ■ ) 
in the non-local term explicitly written in the exponent of Eq. (42). The part of C[^^ that 
we are concerned now with is thus found from Eqs. (25), (29), (30), (34) and (42) to be 



with 



Pi 



= 1 + 

P2 = 
P3 = 1 + 



167r2 A 
967r2 A 



(43) 

(44) 
(45) 
(46) 
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Here {M2/M1Y has been approximated by using the approximate formula (1 + ^ 
1 + nO{h). The renormahzed couphng constant, is read from the first term of Eq. 

(43) to be g{ij) — ^o/Vpi- Since g{ij) decreases with the EAGT enjoys the property of 
asymptotic freedom. (Because of the presence of the NG scalar fields (jf, behavior of g{ii) is 
somewhat different from that of the running coupling constant of SU (2) YM theory [13,14].) 
The last term of Eq. (43) is certainly a source term of a^, as can be seen by rewriting it as 
~\P39o'^ fnuJ^'^ = PsQo'^ci^j.j^ up to total derivatives. Here is defined by j'^ = dyJ^^. By 
virtue of the antisymmetric property of J'^^ , i.e., J^^ = —J^^^. j'^ satisfies the conservation 
law d^j'^ — 0. In accordance with the treatment of J'''', we treat j'' as a classical vector 
current. Since j'^ is a source of Ufj,, j^^ will be a color-electric current. Let us denote by a 
part of C[^^ that consists of the terms containing and that includes no the terms already 
included in {C^a^ includes the higher derivative terms -|(M2/Mi)2(/^^ + 27^^)0"/^'^ 
{n — 1,2,...) arising in the series expansion in the exponent of Eq. (42).) Utilizing the 
source term p^Qo^cinj^ that occurs in the exponent of Eq. (40) through Eq. (43), we 
represent a, in C^a^ as the functional derivative Ps^Oo^/Sj^. Then, noticing the invariance 
of path-integral measure DAf/ = Da,, we carry out the integration over a, in Eq. (40) to 
obtain 



In deriving Eq. (47), the conservation law of j^^ has been used, so that Za turns out to be 
independent of the rcnormalizcd gauge parameter ao/p2- 

At the present stage, the effective action W" takes the following form: 




(47) 



with 




(48) 




1=1 



(49) 
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with 



WP^fd^J-U.-%,r^]. (51) 



4 ^"D + Mf 

Here £2 consists of the terms containing alone, some of which terms depend on 
through J^^'^ or j^, while £3 consists of the remaining terms containing $ and/or h^„. The 
functional W^^ is nothing but a part of the term explicitly written in the exponent of Eq. 
(42). It is now obvious that the effective action W" is a functional of the classical fields 
00* alone. Now, we would like to point out that the terms analogous to Wj^^ and wf'^ 
have been found in a form of the generating functional characterizing the MAATGT with 
ATC [19]. In this theory, a composite of the Yukawa and the linear potentials was obtained 
from the generating functional. It is hence expected that similar potential is derived from 

To confirm this, we follow a simple procedure discussed in Ref. [19] : Recalling j'' = d^J^^, 
we rewrite it in the integral form 

J>^-^^{n^f-rff) (52) 
n ■ a 

with the aid of a constant vector n^. where n-d = n^d^. (The vector may be understood 
to be a set of integration constants.) Substituting Eq. (52) into Eq. (51), we have 



3 



(53) 



where v? = n^n^. As a result, Wj ' is expressed as a functional of the vector current j^. 

In order to evaluate the static potential based on wj^^ + [j^] , we now replace j'^ 
with the static current Jq(x) = S^^iQ {S^{x. — r) — 5^(x)} satisfying the conservation law 
^/tig = 0. Here Q and —Q are point charges at x = r and x = 0, respectively. (For 
a particular configuration of the classical fields 0o*i the current could reduce to Jq. 
Conversely, in some specific cases, might be expressed in a form of superposition of Jq.) 
Substituting Jq into Eqs. (50) and (53) and choosing a constant vector (0, n) with the 
condition n//r to be n^, we can calculate the effective potentials Vj and Vj defined by 
-Vjjdx^ = Wj°\j^] and -Vj J dx^ = The result reads 

47rpi r 



Ml 
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(55) 



up to irrelevant infinite constants. Here r = |r|, and A is another ultraviolet cutoff. (In 
deriving Eq. (54) from Eq. (50), it has been taken into account that j° = —ij^-) Therefore 
the EAGT allows a composite of the Yukawa and the linear potentials, Vj + Vj, even at the 
tree level. This result is quite desirable for describing color confinement [2,3]. Comparing 
Eq. (55) with the hnear potential obtained in the MAATGT with ATC,*^ wc see that 
M1/M2 corresponds to the gauge couphng constant of the extended dual Abelian Higgs 
model (EDAHM). The constants ki and k2 could be determined via Eqs. (38) and (39) in 
such a way that M1/M2 reproduces the (running) coupling constant of the EDAHM. 

Now we should make a comment. In terms of the unite isovector n — n(0o) — {n^) 
defined by n^{(f)o)T^ — v{(f)o)T^v~^{(l)o), the antisymmetric tensor J^j, — e^'"^e^''e,^'^ is written 
as J^i, — n ■ {dfji X d,^n) = e^'^^nP d^vP di,nP . With this expression, we see that T^,^ in 
Eq. (35) is just the so-called 't Hooft tensor occurring in the theory of 't Hooft-Polyakov 
magnetic monopole [29] , provided that are identified with the Higgs fields normalized in 
isospace. As is known in this theory, the magnetic current = d^^* = d^* J'^'^ remains 
non-vanishing owing to non-triviality of the second homotopy group of S'f/(2)/f/(l), i.e., 
t:2{SU{2)/U{1)) = 7ri(f/(l)) = Z [22,30]. (Here * indicates the Hodge star operation.) 
Comparing j'^ = d^J'^^ with = dy * J*^^, we see that is certainly a color- electric 
current, not a color-magnetic current. For this reason, + M^j°'*[j''] is interpreted as a 
generating functional that describes interaction between color-electric currents; accordingly 
Vj -\- Vj is understood to be a static potential between color-electric charges. 



VIII. REMARKS 



One may ask here what is the origin of the color-electric current j^. We can give no 
satisfactory answer to this question now, and so we will only mention a tentative idea 
towards making a correct reply. Recall the fact that 0o* is a solution of the Euler- Lagrange 
equation in Eq. (6). Since this equation involves the gluon fields A^^ in the form of external 
fields, 00* can be regarded as functionals of A^^^ , i.e., — 0o*[^//^], or more physically. 



The linear potential obtained in the MAATGT with ATC is Vj{r) 



In 1 + ■ 



r. Here 



m is a constant with dimension of mass and (?h is a constant identified with the gauge coupling 
constant of the EDAHM. In ref. [19], = 1 was put for convenience. 
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as (composite) fields that inherit degrees of freedom of the gluon fields.^ Regarded as 
gluonic scalar fields in this sense, J'^^ and j'' are interpreted as currents consisting of gluonic 
degrees of freedom. Thus it seems natural to assign the origin of the color-electric current 

to the gluon fields. If this idea is acceptable, Vj + Vj could be considered as a potential 
that makes a contribution to gluon confinement. 

We now focus attention to the leading terms of C2 in Eq. (49), including the quartic 
terms in e^^ and the quadratic terms in V^^'^e^u'^. The sum of the leading terms can be seen 
from Eqs. (25), (29), (30) and (34) to be 



r(o) - ^e^^ -—(o. + In ^\ J J^^ 



+ In^le^'e^'^'f - -^V^'^e/V'^^'^e/ , (56) 



1287r2 ^ ' 2aogi 



P4 = 1 - 7- - ^0 7^ + 7T-^ In -r ■ (57) 



where 

In terms of n^, is written as 

327r^ 45^0 

-— ^(n X Dn) • (n X Dn) . (58) 
2ao9'o 

This is certainly the Lagrangian that defines a generalized Skyrmc-Faddecv model (GSFM) 
[32]. Therefore it is concluded that the EAGT involves a GSFM. As is seen from Eq. (45), p2 
vanishes with the choice of gauge parameter ckq = — 167r^g'(^^[ln(/x/yl)]~^. In this case, JC^^ 
reduces to the Lagrangian presented by de Vega to investigate closed- vortex configurations 
[33] . If the last two terms in Eq. (58) are removed, JC^^ agrees with the Lagrangian of the 



^ Scalar fields similar to (/>o*, or more precisely to , have been introduced by Ichie and Sug- 
anuma in a somewhat different context [31]. They called those scalar fields gluonic Higgs fields, 
insisting that the scalar fields are analogous to non-Abelian Higgs fields but are composite fields 
of gluons. Unlike Ichie-Suganuma's procedure of introducing the scalar fields, wc have obtained 
00* as a classical configuration of the "dynamical" NG scalar fields 0* that are identified with the 
longitudinal modes of the massive off-diagonal gluons. 
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Skyrme-Faddeev model [34]. Faddeev and Niemi have conjectured that the Skyrme-Faddeev 
model would be appropriate for describing SU{2) YM theory in the low energy hmit [35]. If 
their conjecture is true, should be considered as the fields that realize gluonic degrees of 
freedom relevant to the low energy limit. This interpretation of appears consistent with 
our statement on 0o* made above. 

Until now the ultraviolet cutoff A remains a free parameter; we briefly discuss how to fix 
A. First we recall that in Eq. (2) was expanded about the classical fields in powers 
of a': 

C, = ^e/e-^ + . . . . (59) 

Here the relation 5'ij (0o)'9^0o''f5^0o'' = e^^e^^ has been used. From a viewpoint of the BRST 
formalism, it can be understood that because of the BRST symmetry, the quadratic diver- 
gences due to quantum effects of (f)\ c"' and c" cancel out in calculating quantum correction 
for the classical term {m'^/2gQ)e^^e^'^ . (This fact can be seen by comparing Eq. (9) with 
Eq. (34).) For this reason, the classical term is not affected by quantum effects and will 
remain in the EAGT without any change. We now notice that the Lagrangian £tot includes 
(yl7327^2)e^''e''^ see Eq. (34). In the EAGT, this is the only term that takes the same form 
as the classical term. Thus it is natural to identify {A^ /?>2T^'^)e.J'e.^^ with the classical term 
by imposing the condition yl^/327r^ = m'^/2gl , which fixes A at 

^„^^^. (60) 

Even if uiq is not so large value, the cutoff ylo will be regarded as large so long as 5'o/47r 
is sufficiently small. In such a case, the perturbative treatment of the higher order and/or 
higher derivative terms in £tot makes good sense. 



IX. CONCLUSIONS 

We have derived an EAGT of the SKG formalism by following a method of Abelian 

projection. There the off-diagonal gluon fields involving longitudinal modes were treated as 
fields that produce quantum effects on the diagonal gluon fields and other fields relevant 
at a long-distance scale. In deriving the EAGT, we have employed, instead of the MA 
gauge fixing term used in earlier papers, an appropriate gauge fixing term in Eq. (18) which 
breaks the local SU (2) gauge symmetry, while preserves the global SU (2) gauge symmetry. 
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(An equation corresponding to the MA gauge condition was obtained as the Euler-Lagrange 
equation for the NG scalar fields, see Eq. (6).) This choice of gauge fixing term guarantees 
the conservation of color charge and has made evaluating the ghost sector simple. 

We have shown that the EAGT involves a gauge fixed version of the MAATGT with 
ATC, allowing a composite of the Yukawa and the hnear potentials at the tree level of 
the EAGT. We can not immediately identify this linear potential with the confinement 
potential, because it was derived via a perturbative procedure together with the one-loop 
approximation. However, we could say that the "germ" of confinement potential was found. 
The composite potential derived here is understood to be a static potential between color- 
electric charges. It was also pointed out that the origin of these charges may be assigned 
to the gluon fields. For this reason, the composite potential could make a contribution to 
confinement of gluons. Finally we have seen that the EAGT involves the Skyrme-Faddeev 
model in addition to the MAATGT with ATC. 

In the present letter we have dealt only with the three terms wj'^^ , wf'^ and among 
the terms included in Eq. (49). Some of the remaining terms will produce correction for 
the potential Vj + Vj. Since this potential corresponds to the static potential found in the 
EDAHM in the London limit, such correction should be identified with variation from the 
London limit [26,28]. We then expect that the scalar field plays a role of the residual Higgs 
field in the EDAHM, with choosing suitable values for the constants ki and k2- Anyway, 
investigation of the correction is important for comparing the EAGT with the EDAHM. 
Besides clarifying the mass-generation mechanism of off-diagonal gluons, we hope to address 
this issue in the future. 
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